Abstract: An approximate analytical assessment of long wave development due to nonlinear shoaling is obtained and verified against wave-flume experiments. The phase averaged equation for the nonlinear evolution of shoaling waves by Agnon and Sheremet serves as a starting point. Their shoaling interaction function J is significantly simplified through the mild slope assumption. Results, which may be used to assess the long wave input for engineering applications such as harbor resonance studies, are given.
Introduction
For modeling of agitation and berthing conditions in harbors, it is essential to assess the height of long waves near the harbor entrance.
The purpose of this paper is to present an approximate analytical model for the long wave development, to confirm it against new wave flume experiments, and to present practical results for engineering applications.
One manifestation of the quadratic terms in the free-surface boundary condition is the fact that any two waves, with frequencies 1 and 2 , generate two additional waves with frequencies 1 + 2 and 1 − 2 , called superharmonics and subharmonics, respectively.
The subharmonics for 1 Ϸ 2 have periods significantly larger than those of wind waves, ͑1 min is a typical value͒, and are held responsible for the excitation of harbor resonance. Subharmonic waves on water of constant depth are 'bound' to their 'parent' waves, since they propagate with a celerity which is equal to the group velocity of the parent waves. The situation is somewhat different in case of variable water depth. For the latter, Agnon et al. ͑1993͒ also show that free subharmonics exist, and derive an appropriate model equation to study the overall evolution for unidirectional cases.
Our knowledge about the incident deep-water wave fields usually comes from wave forecasting models which treat the waves as a stochastic process. In order to calculate the subharmonics, i.e., the long waves, which are generated by stochastic nonlinear shoaling spectra, the Agnon et al. ͑1993͒ model was profoundly modified in Agnon and Sheremet ͑1997͒. The main results of Agnon and Sheremet ͑1997͒ are summarized in the following section.
Next, the shoaling interaction function J is simplified by a stationary phase approach and an analytical solution, which neglects the back influence of the subharmonics on the wind waves, is compared with new laboratory experiments. Finally, guidelines to coastal applications are provided.
Eldeberky and Madsen ͑1999͒, as well as Agnon and Sheremet ͑2000͒ include surveys of previous relevant references on subharmonics generation.
Basic Equations
Choosing a Cartesian coordinate system ͑x , y , z͒, with the y axis at the shoreline, and x , z pointing landward and upward, respectively, the discussion is confined to cylindrical beaches for which the bathymetry is given by z =−h͑x͒, and to wave fields with unidirectional y independent spectra
where z = ͑x , t͒ = free-surface elevation and t = time. The wave number k f is related to the frequency f through the linear dispersion relation
where g = gravitational acceleration, and f = f 0 ; f =1,2, ... . a f ͑x͒ = complex amplitudes given as input at say x =−x o , and f = random phase shifts uniformly distributed in ͑− , ͒.
According to linear water-wave theory
͑3͒
F f = energy flux corresponding to the Fourier mode f, and Cg f = modal group velocity, given by
In the framework of linear theory, the modal energy flux remains constant and is given by
However, Agnon and Sheremet ͑1997͒ have shown that due to triad interactions on varying depth the energy fluxes of different modes are interrelated and vary according to
and ␦ 0:1,2 = Kronecker delta ␦ f,f 1 +f 2 . The shoaling interaction function J, appearing in Eq. ͑6͒, is defined as
Note that for the convenience of the reader, the notation as in Agnon and Sheremet ͑1997͒ has been followed when possible.
The correction ⌫ ± in Eq. ͑7͒, which was added here to Agnon and Sheremet's ͑1997͒ original kernel, and was obtained by Eldeberky and Madsen ͑1999͒ is given by
Mild Slope Assumption
It is assumed that the bottom slope s = dh / dx is small in comparison to the wave-number mismatch = ⌬ 0:1,2 / k f , so that
Integrating the second integral in Eq. ͑8͒ twice by parts, and neglecting terms of order s 2 / 3 , when compared to terms of order 1/ and s / 2 , gives
͑11͒
Eq. ͑6͒ requires two additional integrations ͓one over x due to the x derivative on its left hand side ͑l.h.s.͒, and the other over f 1 which replaces the ͚ f 1 on the right hand side ͑r.h.s.͒ when 0 tends to zero͔. Thus, the fast oscillation of the first term in Eq. ͑11͒ renders its contribution to the end result much smaller than that of the monotonic terms, and one can replace Eq. ͑8͒ by
Nonetheless, Agnon and Sheremet ͑1997͒ prove that Eq. ͑8͒ is a solution of their Eq. ͑3.13͒, which reads
Substituting Eq. ͑12͒ into the l.h.s. of Eq. ͑13͒ gives
which by virtue of Eq. ͑10͒ indicates that Eq. ͑12͒ is a good approximate solution of Eq. ͑13͒, and thus also a good approximation to Eq. ͑8͒.
Simplified Solution
Taking an input energy flux at large depth h 0 = h͑−x o ͒, for which it is assumed that most of the energy is concentrated in the windwave domain
Subharmonic waves ͑f =1,2, ... f͒ are developed and grow as a result of the nonlinear interaction during the shoaling process. As long as they themselves remain small enough, they do not affect the wind wave significantly, and Eq. ͑6͒ simplifies considerably to
Substituting Eq. ͑12͒ into Eq. ͑16͒ and integrating gives
Note that Eq. ͑17͒, which is our main result, depends on the local depth h ͑and not on the coordinate x or the details of the bathymetry͒ and on the boundary condition at x =−x o , only. The fact that the long waves obtained by the simplified solution Eq. ͑17͒ are good approximations to those of the full problem Eq. ͑6͒, is demonstrated in the section entitled "Guidelines for Applications."
Comparison with Experiments

Experimental Setup
The experiments were performed in CAMERI's wave flume. The flume is 45 m long ͑from the wave maker to the end wall͒, 2.4 m wide, and 1.5 m deep. A rubble mound slope 1:6, 4 m long, covered by a wave-absorbing sheet, is located near the end wall to reduce wave reflection. Fig. 1 presents the experimental setup. The figure indicates flume dimensions, depth, and slope of the sea bed, and location of wave gages. Twenty wave gages were installed along the centerline of the flume. The use of a set of three wave gages at each measurement station enables decomposition of the recorded wave signal into incident and reflected spectra. The method of decomposition as well as recommendations regarding the distance between the wave gages in a decomposition set are described by Goda ͑1985͒. Since the suitable distance is related to the typical wavelength in the spectrum, different triplets to analyze short and long waves were used. The 20 wave gages measure short and long wave spectra at four stations of different depths along the flume ͑45, 35, 25, and 15 cm deep͒. At each station, five gages provide a triplet suitable for short wave decomposition and a triplet suitable for long wave decomposition, where the central gage is shared by both triplets. Table 1 indicates the location of the gages, which were sampled at 50 Hz, and the water depth at that location.
For the decomposition of the recorded long waves into incident and reflected parts, it is required to know from theory the wave numbers of the incident and reflected waves related to their period. The long wave energy is distributed between free and locked waves, which have different dispersion relations. Hence, two different approaches were utilized. In the first approach, the long incident and long reflected waves were assumed to behave as free waves and have their wave number given by the linear dispersion relation Eq. ͑2͒. In the second approach, the reflected long waves were assumed to behave as free waves, whereas the incident long waves were assumed to be bound waves with celerities equal to the group velocity of the spectral peak of the short waves. The incident wave heights produced by the above decompositions were within 15% from each other. The difference in the heights of the reflected waves obtained by the two different decomposition approaches was significant, but their energy content in shallow water was small in comparison to the energy of the incident waves.
The values for Hlong incident Hlong reflected for all experiments, and for both decomposition approaches, are given in Tables 5 and 6 in the Appendix. In the sequel the results from the first approach, which assumes free long waves, are adopted.
Input Parameters
The wave generation signal was obtained by applying an inverse discrete Fourier transform on the Pierson-Moskowitz spectrum. For each experiment, the duration of generation signal was 900 s.
However, the real input parameters taken as boundary conditions for comparison of theory and experiments are those of the incident spectrum as measured at the deepest station ͑45 cm͒. The input parameters are given in Table 2 .
In Table 2 and elsewhere, Hshort is the total characteristic wave height ͑H mo ͒, defined as four times the square root of the area under the spectral density function 
͑19͒
Hlong= characteristic wave height of the long waves, i.e., those with frequencies smaller than 0 ͑ 1 2 + f ͒ Ϸ 0.40 Hz
͑20͒
In the present study, f =6. Although the wave generation signal does not include long wave energy, it was generated in the flume due to reflection.
For comparison with theory each input spectrum was represented by 41 bins, of which the first six were considered as long waves ͑periods above 2.5 s͒. The first bin had the frequency 0 = 0.06104 Hz, which is also the frequency difference between bins. Each bin contained five frequencies of the measured input spectrum. Fig. 2 gives the theoretical and measured characteristic long wave height as function of water depth. The continuous curves present the theoretical solution given by Eq. ͑17͒, while the experimental results are given at the four depths of measurement. The largest depth ͑45 cm͒ is the input depth. The theory assesses the evolution of long wave energy from a given ͑deep͒ water depth toward the shallow water. Due to wave reflection, the experimental results present considerable long wave energy at the deep water near the wave generator. In Fig. 2 the input wave spectrum for each theoretical run is the measured one at water depth of 45 cm, including the long wave energy.
Results
The experiment reference name, as given in Table 2 for the input parameters, is indicated near each curve.
The characteristic height of the long waves Hlong, depends on the choice of the frequency that distinguishes between short and long waves. This frequency is not rigorously defined; however, it should be selected in the interval of low energy density, which usually exists between the ranges of short and long waves in spectral energy plots. The frequency distinction of 0.4 Hz was selected in view of the spectral energy distribution obtained in the measurements. Obviously, when theoretical and experimental results are compared, the same frequency of distinction is selected.
The agreement between the calculated and measured results for all cases is rather satisfactory.
The distribution of energy in the long wave range for broad spectra is discussed in the following section. Generally speaking, the comparison between the experiments and theory indicates the usefulness of the latter for practical applications, which are addressed in the following section.
Guidelines for Applications
The simplified solution Eq. ͑17͒ enables us to provide data which can serve as guidelines for field applications in a rather condensed fashion. Starting in deep water with F f ͑h 0 ͒ ϵ 0 and F f ͑x 0 ͒ as determined from JONSWAP spectra with different peak enhancement factors ␥, one can use Eq. ͑17͒ to obtain Table 3 for the nondimensional long wave characteristic wave height
where Hshort= characteristic height of the Joint North Sea Wave Project ͑JONSWAP͒ spectrum in deep water, and T p = its peak period.
The nondimensional depth in the left column of Table 3 is
͑22͒
In the construction of Table 3 , long waves were defined as those with wave periods larger than twice the spectral peak period. From the table, one can see that narrow spectra ͑i.e., large ␥͒ produce somewhat larger long waves than broad spectra.
To demonstrate the use of Table 3 , consider the case Hshort= 5.2 m; T p = 12.6 s; ␥ = 4; and h = 15 m. For this case Eq. ͑22͒ gives ĥ = 0.38, and the table yields Ĥ long= 1.4, and finally from Eq. ͑21͒ Hlong= 0.95 m.
Some caution should be taken when using Table 3 for applications. Namely, one should not use the table whenever HshortϾ h / 2, since wave breaking is expected; and when Hlong turns out to be larger than 0.3 Hshort, for which the assumption of the simplified solution starts to lose its validity.
For harbor resonance studies, one needs Hlong as well as information about the spectral distribution of the long waves energy. From the calculated examples in Fig. 3 one can see that the long waves spectral density can be roughly approximated by a linear decrease, from a maximum at frequency →0 to zero at frequency Ϸ half the peak frequency. The quasitriangular shape of the spectral density of the long waves is also evident from the experiments, as one can see in Fig. 4. Fig. 4 gives the spectral density of the long waves for experiment PM-4 at a water depth of 25 cm. It includes the measured incident and reflected parts of Fig. 4 gives the incident spectral density in a coarse frequency resolution, which is the same as the one that has been used in solving Eq. ͑17͒.
To strengthen confidence in the values provided by Table 3 , they have been checked against results obtained by solving Eq. ͑6͒ directly ͑see Sheremet and Stiassnie 1996͒. The input in this comparison consists of JONSWAP spectra with ␥ = 2.8, and various combinations of Hshort and T p . In Table 4 values of Hlong, for water depth h = 6 m, as calculated from Table 3 and as computed from Eq. ͑6͒ are compared, and found to agree within 10%.
Note that another possible mechanism for the generation of long waves is related to the breaking of wave groups and to the surf zone ͑see Baldock et al. 2004͒. However, Battjes et al. ͑2004͒ claim that on mild slopes this breakpoint generation is ineffective compared to subharmonic generation which dominates. In any case, harbor entrances are usually well outside the surf zone. 
